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5 ■ Abstract 

Q_i' In this paper we consider "soft" high-energy parton-parton scattering processes in gauge 

theories, i.e., elastic scattering processes involving partons at very high squared energies 
s in the center of mass and small squared transferred momentum t {s ^ oo, t ^ s, 
'k>( I typically |t| < 1 GeV^). By a direct resummation of perturbation theory in the limit 

we are considering, we derive expressions for the truncated-connected quark (antiquark) 
propagator in an external gluon field, as well as for the residue at the pole of the full 
unrenormalized propagator, both for scalar and fermion gauge theories. These are the 
basic ingredients to derive high-energy parton-parton scattering amplitudes, using the 
LSZ reduction formulae and a functional integral approach. The above procedure is also 
extended to include the case in which at least one of the partons is a gluon. The meaning 
and the validity of the results are discussed. 






S 



1. Introduction 

Since the late 1950s a lot of models have been proposed to describe the physics of hadron- 
hadron elastic scattering at high energies. Some of these are "pre-QCD" models (see, e.g., 
Refs. [U and 0), while others are "Q CD-inspired" models (see, e.g., Ref. 0). With the 
advent of Quantum Chromo-Dynamics (QCD), which is now believed to be the correct 
theory of hadrons and their interactions, many theoretical physicists started to study the 
high-energy behaviour of gauge theories directly from their first principles. In particular, 
a lot of work has been done within the framework of perturbation theory in order to find 
systematic procedures for extracting the high-energy behaviour of each amplitude and for 
summing these contributions using a leading-log or eikonal approximation scheme |^, Q . 
Even if partially successful, the results obtained using these procedures are not completely 
satisfactory and are not able to explain the most relevant phenomena. 

In particular, for "soft" high-energy scattering processes, i.e., elastic scattering pro- 
cesses at very high squared energies s in the center of mass and small squared transferred 
momentum t (s — > oo, t <^ s, typically |t| < 1 GeV^), QCD perturbation theory cannot 
be safely applied, since t is too small, and one has therefore to appeal to nonperturbative 
QCD. P.V. Landshoff and O. Nachtmann were maybe the first who argued §] that the 
theoretical description of measurable quantities of "soft" high-energy reactions (like the 
total cross sections, for example) should involve in an essential way nonperturbative QCD. 
Later on, Nachtmann developed a nonperturbative analysis, based on QCD, of these "soft" 
high-energy scattering processes [0, §]: he derived formal expressions for the quark-quark 
(and also quark-antiquark and antiquark-antiquark) scattering amplitudes in the above- 
mentioned limit, by using a functional integral approach and an eikonal approximation to 
the solution of the Dirac equation in the presence of an external non-Abelian gauge field. 

In a previous paper |p we proposed an alternative approach to high-energy quark- 
quark scattering based on a first-quantized path-integral description of quantum-field 
theory developed by Fradkin in the early 1960s [|10|- In this approach one obtains conve- 
nient expressions for the truncated-connected scalar propagators in an external (gravita- 
tional, electromagnetic, etc.) field, and the eikonal approximation can be easily recovered 
in the relevant limit. Knowing the truncated-connected propagators, one can then ex- 
tract, in the manner of Lehmann, Symanzik and Zimmermann (LSZ) |]ll|, the scattering 
matrix elements in the framework of a functional integral approach. (We remind the 
reader that this method was originally adopted in Ref. W^ in order to study Planckian- 



energy gravitational scattering. In Ref. P] we have translated the procedure and some 



results of Ref. [jT2[ to the case of Quantum Chromo-Dynamics, i.e., the case of quarks 
coupled to an external non-Abelian gauge field in a flat space-time.) 

In this paper we shall address the same problem in an even more immediate way: 
by a direct resummation of perturbation theory in the high-energy limit that we are 
considering, we shall derive expressions for the truncated-connected quark (antiquark) 
propagator in an external gluon field, as well as for the residue at the pole of the full 
unrenormalized propagator. (This last is also a basic ingredient to derive parton-parton 
scattering amplitudes, since it appears in the LSZ reduction formulae [p!T| .) 

The paper is organized as follows. In Sect. 2 we begin, for simplicity, with the case 
of scalar QCD, i.e., the case of a spin-0 quark coupled to a non-Abelian gauge field. In 
Sect. 3 we extend the results to the case (more interesting from the physical point of 
view) of "real" fermion QCD: that is a spin-1/2 quark coupled to a non-Abelian gauge 
field. In Sect. 4 the above procedure is also extended to include the case in which at least 
one of the partons is a gluon: the meaning and the validity of the results so obtained 
are discussed. The truncated-connected propagators in an external gluon field are the 
basic ingredients to derive high-energy parton-parton scattering amplitudes, using the 
LSZ reduction formulae and a functional integral approach. This was done in Ref. |^ 
and it will be quickly reviewed in Sect. 5 for the convenience of the reader. The results 
obtained in Sect. 5 are in agreement with those of Refs. 0, H, ^, where they were derived 
with different methods. In Sect. 6 we give a summary of the main results, a detailed 
discussion of the approximations involved and the conclusions. 



2. The scattering of scalar quarks and antiquarks 

We begin, for simplicity, with the case of scalar QCD, i.e., the case of a spin-0 quark 
(described by the scalar field 0) coupled to a non-Abelian gauge field A^ = A^T^, T^ 
(a = 1, . . . , N^ — 1) being the generators of the Lie algebra of the colour group SU{Nc). 
We take to stay in the vector space of the fundamental representation of SU{Nc): i.e., 
stands for a vector 0j {i = 1, . . . , Nc) in the colour space and T^ are the generators in 
the fundamental representation [(Ta)ij, i,j G {!,..., Nc}]. We limit ourselves to the case 



of one single flavour. The unrenormalized Lagrangian is: 

L(0, 0t, A) = [D^<I>]^D,<P - ml<j>^<P - \f;^F'^^^ , (2.1) 

where D^^ = d^ + igA'^ is the covariant derivative. 

The unrenormalized scalar quark propagator will be denoted as 

{T[<P,{x)<p]iy)]) = S,,{x-y). (2.2) 

Let us define the "physical" quark mass m, taken to be the pole mass, and the residue 
Zw at the pole of the unrenormalized quark propagator by the following two equations: 

[sip)]'' I,..™. = , sM ,- , o'^;;/?,, , (2.3) 

where Sij{p) is the unrenormalized propagator in the momentum space: 

S,,{p)= [d^ze'P'S,,{z) . (2.4) 



[We remind the reader that Zyir is not, in general, equal to the scalar-field renormalization 
constant Z2 (defined as = Z2 0/?,, where cj) is the bare field and (pR is the renormalized 
field); but it is equal to Z2Z, where z is the residue at the pole of the renormalized 
propagator, defined as: 

SmM ,^, , '^t\. • (2.5) 

In fact one has that: 

Sij{p) = Z2Sm,{p) - ^j— = ^^ , (2.6) 

that is, Zw = Z2Z, q.e.d. .] 

In order to derive the scattering matrix elements following the LSZ approach |]ll 



we 



need to know the on-shell truncated-connected Green functions, which are obtained from 



the connected Green functions by removing the external legs calculated on-shell. We first 
consider the scattering of a quark in a given external gluon field A'^: 

Hp,j)^Hp',^) , (2.7) 

where i, j are colour indices (i, j = 1, . . . , Nc). We define the truncated-connected prop- 
agator in the external gluon field A'^, in the momentum space as: 

5f (p,pV) = , lim ^ ^^^^^,,(p,pV)^^^^^ , (2.8) 

where m is the physical mass defined above and Sij{p,p'\A) is the Fourier transform of 
Sij{x, y\A), the scalar propagator in an external gluon field, in the coordinate representa- 
tion: 

S.Mm ^ /A / Aexp|.(A -,,,)1S,(.,.|^) . (2.9) 



[Let us observe that, for convenience and simplicity reasons, we have not included a factor 
Z^ in the definition ( p.8| ) of the truncated-connected propagator. These omitted factors 
must be properly included when deriving the scattering amplitudes (see Sect. 5).] In 
the following we shall compute the truncated-connected propagator Slj {p,p'\A) in the 
so-called eikonal approximation, which is valid in the case of scattering particles with 
very high energy (i^^ = p° ~ |p| ^ m) and small transferred momentum q = p' — p 
(i.e., J\t\ <^ E, where t = q^). For example, if p'^ ^ p'^ ~ (.E, i5, 0, 0), one has that 
p^ ~ p'^ ~ 2E and j9_ ~ p'_ ~ 0, where the following general notation has been used for 
a given four- vector V^\ 

V+ = V^ + V^ , V. = V^-V^. (2.10) 

We shall call V"+ and V_ the "longitudinal" components of the four-vector V^, while 
V±_ = {V^, V^) is the component of V^ in the "transverse" plane {y, z). 

Our strategy consists in evaluating the truncated-connected propagator Slj {p,p'\A) 
in each order in perturbation theory considering L^ = [D^(f)]'^D^(p ~ rnlcp'^cj) = Lq + Lint, 
where 

Lo = (9^0^(9^0 - mVV (2.11) 



is the "free" (i.e., unperturbed) quark Lagrangian, which defines the "free" quark propa- 
gator i/{p'^ — m^ + ie), with the physical mass m, and 

ig U'^ d^(f) - d^(j)^ (f)) A^ + ^VV^'^^M + '5"^^</>V (2.12) 



is the "interaction" Lagrangian, i.e., the "perturbation". The squared-mass shift Sm'^ is 
defined as 

Sm^ = m'^ - ml . (2.13) 

Let us start, therefore, by evaluating the n-th order term {n > 1) in the perturbative 
expansion of the truncated-connected scalar propagator in an external gluon field A^^, in 
the eikonal approximation. This contribution, that we shall indicate as [S^j {p,p'\A)](^n)^ 
is schematically represented in Fig. la: only the quark-quark-gluon vertex [the first term 
appearing in Lint in Eq- ( P.12| )] contributes to the propagator in the eikonal limit that 



we are considering. Let us discuss in detail how this approximation is justified. The 
key-point (see also Ref. |^ and references therein) is that, in the high-energy limit we 
are considering, p ~ p' and quarks retain their large longitudinal momenta during their 
scattering process. In other words, we are assuming that the external gluon field has a 
frequency distribution, i.e., Fourier transform, Afj_{k) [defined by Eq. ( p. 151) below], such 
that the relevant phase-space region in d^k is the one where k is negligible when compared 
to p. In Refs. |^, ||, the eikonal approximation has been done under the hypothesis that 
the external gluon field contains only a limited range of frequencies: in other words, A^(x) 
is assumed to vary slowly on the scale set by the wavelength of the incoming waves. We 
shall come back to a detailed discussion on all these approximations and hypotheses in 
Sect. 5. 

One must observe (see Table 1) that the scalar theory, in addition to the quark- 
quark-gluon vertex, has also two other types of vertices of the form g^cjy^cpA^A^ (quark- 
quark-gluon-gluon) and 5m?(f)'^(j) (squared-mass shift). Yet one can easily be convinced 
that the contributions due to these additional scalar vertices to the n-th order term in 
the perturbative expansion of the truncated-connected scalar propagator S\j {p,p'\A) in 
the high-energy limit are suppressed with respect to the contribution coming from the 
quark-quark-gluon couplings. This is essentially due to the fact that the quark-quark- 
gluon-gluon vertex and the squared-mass shift vertex do not carry momentum (see Table 

1)- 



Table 1: The relevant vertices in scalar QCD. 

Vertex : Feynman rule : 



6m'^(j)l(j)j i6m?6i- 



By virtue of the above-mentioned approximations, the expression for [S^j {p,p'\A)](^n) 
reads as follows (see Fig. la): 



d^qi f d!^qn 



(27r)4 '"J (27r 



u 



(27r)^5(^)( 



q-qi- ...-qn) 



x{[-ig2p^'-A^^{q^)] . . . [-ig2p^'^ A^,{qr)]} 



X '^- . . . ! , (2.14) 

{p + 0.1 + ■ ■ ■ + Qn~iy -m? + ie {p + qiY - m? + is 

where q = p' — p is the transferred momentum. We have indicated with A^{k) the 
Fourier transform at four-momentum k of the external gluon field Af^{z) in the coordinate 
representation: 

A^{k) = j (fze'^'A^{z) . (2.15) 

In the eikonal limit, one also finds that: 

(p + gi + . . . + qn-if - m^ ~ 2E(gi_ + . . . + q^n-i)~) , (2.16) 



and similarly for the other expressions. Therefore, Eq. (|2.14|) becomes, using also Eq. 
( |2.15|) to express the external gluon field in the coordinate representation: 

- j d%^ . ..jd% e''i'-{[-ig2p^-A^,XK)] ■ ■ ■ [-tg2p^^^ A^,{h,)]},, 

^Y ^ eigi(fei-bn) fd^q^_i ^ gig„_i(fe„_i-6„) 

(2.17) 



(27r)4 2Egi_ + ie"' J (27r)4 2E(gi_ + . . . + qt^n-i)-) + ie 



The last integration can be easily performed and one obtains: 



[S^'\p,p'\A)]i 



X-— (5(^)(6(„_l)_L - Ki)5{h(n-l)- - K-)d{hn+ - b(n-l) + ) 

d^qi i e^9i(*i-^"-i) r d^qn^2 i e*'?"-^^''"-^-^"-!) 



(27r)4 2Eqi^ + te '"J {2tt)^ 2E{qi^ + . . . + g(„_2)- 



:2.181 



te 



In the derivation of this result, we have used the following integral expression for the step 
function [0(a) = 1, for a > 0; 9{a) = 0, for a < 0]: 

e(a) = / du . (2.19) 

Therefore, if we proceed recursively, we obtain the following result: 

[5jf(P,PV)](n)^ 

~ j d%nL j dhn~ j dhn+ j d\n-i)+ ■■■ j dbi+ e^^''" 
-6{ha+ - 6(„-i)+) . . . 9{b2+ - 6i+) 



{2Ey 
x{[-zgp^"A,^{bn)] . . . H9P''A,,{h)]h,l^_^,^_ . ,-^^^g^^ . (2.20) 

Obviously, we can parametrize the coordinates bi {i = 1, ... ,n) in the integral as follows: 

hi = b + pn (z = l,...,n), (2.21) 

where Tj (or, better, z/j = mTi) are proper-time variables and 6 is a four-vector with 
h_ = bn-, b± = bn± and a fixed 6+. In fact, using the fact that p ~ {E,E, 0,0), i.e., 
p_ ~ and p± ~ 0_L, we find that 6j_ = 6_ and bi± = b±, Vi = 1, . . . ,n. Moreover, 
q = p' — p, so that q+,q- — and qbn — —qi_ ■ bn± = —q± ■ b± ~ qb. Therefore, using also 
the fact that dbi+ = p+dri = 2EdTi, we can re- write Eq. ( p.20| ) as follows: 

^ 2Ej[d%] e'l' Jdn...J dTr, e{Tr, - r„_i) . . . ^(rs - n) 
x{[-tgp>^-A,„ib + pTr,)]...[-tgp''^A^,ib + pn)]},,, (2.22) 



where we have used the notation: 



[d%] = d^b±db- . 



(2.23) 



As a general rule, in "[c? 6]" one must not include the longitudinal component of b^ which 
is parallel to p^. In other words, ii p'^ ~ p'^ ~ {E,E, 0,0) (i.e., p+ ~ 2E, p_ c^ 0), one 
has that [d%] = d'^b±db^, while, if p'^ ^ p''^ ~ {E, —E, 0, 0) (i.e., p+ ~ 0, p_ ~ 2_E'), then 
[d%] = d^b^db+. 

Eq. ( 2.22|) is the ra-th order term of S{j {p,p'\A). Summing all orders (n > 1), we 
finally obtain (see also Ref. 0): 

^g^)(p,pV)^ 

~ 2E [[dH] e'"^ Texp (-ig r°^ A^{b + pT)jfdT^ - 1 

= 2E j[d^e"^\Wj,{b)-l]i,, 

where Wp{b) = Texp(. . .) is the time-ordered exponential, defined as: 

Wp{b) = T exp (-ig J °° A^(6 + pT)p^'dA = 

OO „ „ 

= ^ dri... dTn 6{Tn - Tn-l) . . . 6{t2 - Ti) 
n=0 

X [-^gp^^^A^^{b + pTr,)] . . . [-igp>''A^,{b + pn)] . (2.25) 



(2.24) 



Eq. ( p. 24 ) gives the expression for the truncated-connected scalar propagator in an 
external gluon field, in the eikonal approximation. 

Proceeding exactly in the same way, we can also derive the following expression for 
the n-th order term {n > 1) in the perturbative expansion of the truncated-connected 
propagator of a scalar antiquark in an external gluon field A'^, (f)^{p,j) -^ (f)^{p',i), in the 
eikonal approximation: 

- 2Ej[d%] e^"^ Jdri...J dT„. 0(r„ - r„_i) . . . 0(r2 - n) 
x{[igp''^A,,ib + pn)]...[tgp^-A,„ib + pTr.)]},^. (2.26) 



And therefore, summing all orders: 



s^^'X^, -^ 4'M) "^^E Jid'b] ^''' 



Texpiig A^{b + pT)p^dT 



(2.27) 



j« 



We have denoted with Texp(. . .) the antrfme-ordered exponential, defined as: 
Texp [ig Afj_{b + pT)p^dT 

Y, J dn--- J dTn 9{Tn - r„_i) . . . e{T2 - Ti] 



n=0' 



X [igp^^A^^ (b + pn)] . . . [igp^-A^^ib + pr^) 



(2.28) 



Let us observe that in the antitime ordering the matrices A are ordered from left to right 
as they "appear" along the path going from r = — oo to r = +00 (i.e., when increasing 
the proper time). On the contrary, in the time ordering they are ordered from left to right 
as they "appear" along the path going from r = +cx3 to r = — cxd (i.e., when decreasing 
the proper time). 

Now, using the fact that A^ = A^T", with {T^Y = T^, i.e., {T^)ji = {T^*)ij, we find: 



[^m (b + pn) ...A^„{b + pr„)] = A;^ {b + pTn) ...Al^{b + pn 



(2.29) 



Therefore, we can write Eq. ( p.27|) as follows: 



2E / [d% e 



iqb 



T exp [ig A*(b + pT)p^'dT - 1 



2E ([dH] e'^\w;{b) - 1 



I] 1 



(2.30) 



where Wp{b) has been defined in Eq. ( |2.25| ). 

When comparing with the result (|2.24|) , we see that the scattering amplitude of an 
antiquark in the external gluon field A^ is equal to the scattering amplitude of a quark 
in the charge-conjugated (C-transformed) gluon field A' = —A* = —A* , as expected. 
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3. The scattering of quarks and antiquarks 

We want now to extend the results obtained in the previous section to the case (more 
interesting from the physical point of view) of "real" fermion QCD: that is a spin-1/2 
quark coupled to a non-Abelian gauge field. 

As before, we limit ourselves to the case of one single flavour. The unrenormalized 
QCD Lagrangian is: 



1 



L{^,^\A)=ij{zYD,-mo)^--F^,F'^^^ , (3.1) 

where 0^ = 8^" + igA^ is the covariant derivative [A^' = A^Ta, Ta {a = I, . . . , N^ - 1) 
being the generators of the Lie algebra of the colour group SU{Nc)] and ip stands for a 
vector ipi {i = 1, . . . , Nc) in the colour vector space of the fundamental representation. 

The unrenormalized quark propagator will be denoted as 

{T[i;,ix)i^^iy)]) = G,,ix-y). (3.2) 

Let us define the "physical" quark mass m, taken to be the pole mass, and the residue 
Zw at the pole of the unrenormalized quark propagator by the following two equations: 

where Gij{p) is the unrenormalized propagator in the momentum space: 

Gi^{p)= j d^ze'P-'G,,{z) . (3.4) 



In Eq. ( p.3|) we have used the notation: a = l^a^. 

As in the previous section, we consider the scattering of a quark in a given external 
gluon field A^. The truncated-connected fermion propagator in the momentum space is 
defined as: 

Glf (p,p'|A) ^ ^ lim^^ l^G.,{p,p'\A)^ , (3.5) 

11 



where m is the physical quark mass defined above and Gij{p,p'\A) is the Fourier trans- 
form [see Eq. (pl9|)] of Gij{x,y\A), the truncated-connected fermion propagator in the 
coordinate representation. The matrix element for the scattering of a quark in a given 
external gluon field A^, 

V'(P,J,^) -^ V'(p',^,") , (3.6) 

where i, j are colour indices and a, (3 are spin indices, is given by Ua{p')Glj {p, p'\A)u/3{p) , 
where Ua{p) are the "positive-energy" spinors [{p — m)ua{p) = Ua{p){p — m) = 0] with 
the usual relativistic normalization: 

Ua{p)Yui3{p) = ^pf'Safs , Ua{p)up{p) = 2m5ap ■ (3.7) 

In the high-energy limit we are considering, we can make the following replacement: 

Ua{p')G^\p,p'\A)up{p) ^ 5^p ■ ~Sf;'\p.p'\A) , (3.8) 

where S^j {p,p'\A) is the truncated-connected propagator for a scalar (i.e., spin-0) quark 
in the external gluon field A'^, which was discussed in the previous section. Let us see how 
this approximation is justified. As in the scalar case, our strategy consists in evaluating 
the truncated-connected propagator G\j{p,p'\A), or better the quantity ( |3.8|) , in each 
order in perturbation theory, considering L^ = ip{i'~^'^D^ — mo)ip = Lq + Lint, where 

Lo = ^{ii^d^ - m)^ (3.9) 

is the "free" (i.e., "unperturbed") quark Lagrangian, which defines the "free" quark prop- 
agator ij{j) ~ m + ie), with the physical mass m, and 

Lint = -gi^-i^A^i) + Smi^i) (3.10) 

is the "interaction" Lagrangian, i.e., the "perturbation". The mass shift 5m is defined as: 

5m = m, — tuq . (3-11) 



Using the fact that u{p')(p' — m,)u{p) = u{p'){p — m,)u{p) = and the definition ( |3.5| ) of the 
truncated-connected fermion propagator, one can easily derive the following expression 

12 



for the n-th order term in the perturbative expansion {n > 1): 

X ! . . . ! ^ (3.12) 

{p + qi + ■ ■ ■ + qn-iT - m'^ + ie" ' {p + qiY - m? + is ' 

where N^Jp^'^\qi, . . . , g„) is given by: 

^^Q/3, ij Wl5- • -^qn) = 

= Ua{p){[-i91^"A^Aqn) + iSm {27r)*6^*\qn) ■ l]{p + qi + . . . + g„_i + m) 
,,_^p + q^+rn)[-ig-f^'A^,iqi) + i5m {2nf5^^\q,) ■ l]}i,U(s{p) . (3.13) 

By virtue of the eikonal approximation, the relevant phase-space region in the n-th 
order term of the perturbative expansion (|3.12 ) has the property that g^, m and 6m 



are negligible when compared to p in the numerator N^f^^ (qi, . . . , g„). Therefore, the 



numerator N^p^^^ (qi, • • • , q-n) in Eq. ( p.l2[ ) can be approximated as: 



A^X?(gi, ...,qn)^ {-z^2p^M,„(g„) ■ iVlf '"^(gi, . . . , qn-i)h ■ (3-14) 

Using the fact that: 

A^yr?(?i) = ^aip'){-^9r'A,,iq,) + z5m (2vr)^5(^)(g0 ■ I^Mp) 

~ 6^p-[-tg2p^^A^,{q^)],^, (3.15) 

we find, proceeding recursively from Eq. ( |3.14|) : 



N%':i;\qi. ....qn)^5^p- {[-tg2p>'- A,Sqn)] ■ ■ ■ [-tg2p>^^A,,{q,)]},, . (3.16) 

Apart from the delta function in front, which simply reflects the fact that fermions retain 
their helicities during the scattering process in the high-energy limit, this is exactly the 
term we would have expected at the numerator of the ra-th order term in the perturbative 
expansion of the truncated-connected scalar propagator Sij {p,p'\A) in the high-energy 
limit [the denominators in ( p.l2| ) are already equal to the scalar case!]. In fact, as reported 



in Table 1, the factors {—ig2p^) in ( |2.14| ) come from the quark-quark-gluon vertex of the 

13 



scalar theory in the high-energy hmit (when p ~ p'). From Eqs. ( 3.12|) , (|3.16 ) and (|2.14|) 
we derive 

[ua{p)G^\p,p'\A)up{p)U ^ 5^p ■ [Sf;'\p,p'\A)\rr) , (3.17) 

for each order n in the perturbative expansion, so proving Eq. ( p.8| ). Therefore, using 
the result ( p.24| ) derived in the previous section, we find the following expression for the 
quantity (|3.8| ) in the eikonal approximation (see also Ref. 0): 



,(tc) 



M, 



Ua{p')Gf;>{p,p'\A)up{p) ^ 6^p ■ Sf;\p,p'\A) 



5^f3 ■ 2E / [d'b] e 



Jqb 



Texp ( -ig / A^{b + pT)p''dT ) - 1 



6^f,-2E [d'b]e''i'[Wpib)-l 



ij ) 



(3.18) 



where Wp{b) is the time-ordered Wilson string along the path x(r) = b + pr, t G 
[— oo, +oo], defined in Eq. (|2.25|) . 

Proceeding exactly in the same way, we can also derive the following expression for the 
truncated-connected propagator of an antiquark in an external gluon field A^, i/j{p, j, [3) -^ 
ip{p',i,a), in the eikonal approximation: 



6^p ■ 2E / [d'b] e 



^iqb 



Texpiig A*Jb + pT)p''dT - 1 



6^t,-2Ej[d%]e"^''[W;{b)-l],r, 



(3.19) 



Va{p) are the "negative-energy" spinors [{p + rn)va{p) = Va{p){p + m) = 0] with the usual 
relativistic normalization: 



Vaiph^Vpip) = 2p''Saf3 , Vaip)vpip) = -2m5ap ■ 



(3.20) 



In fact, one can easily derive the following expression for the ra-th order term in the 
perturbative expansion (n > 1): 

[l;^(p)G(*'^)(V^,,,. ^?,,JA)t;,(p')](n) = 



{2nr 



dSn 

(2vr) 



{2nr6^'\q - gi - . . . - g„) ivi^;;J(gi, . . . , g. 



X 



(p + qiY -m? + ie {p + qi + . . . + Qn-iY - m? + ie 



(3.21) 
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where N ^^^ ^j (gi, . . . , g„) is given by: 

= MpMgr'^f^^iQi) - ^^^ (27r)4,5W(gi) ■ l](p + g^ - m) . . . 

ip + q, + ... + qn-i - m)[2(77'^"4„(g„) " ^^^ (27r)4,5(^)(g„) ■ l]},,t;,(p') . (3.22) 

Proceeding as for the derivation of Eq. ( |3.16| ) and making use of Eq. ( |2.29| ), we find: 

~ 6^p ■ {[tg2p'^^A^,iq,)] . . . [2^2p'^"4„(g„)]},, 

= 6ap ■ {[zg2p'^-A;jqr,)] . . . [zg2p'^^A;^{q^)]h, . (3.23) 

Apart from the delta function in front, this is exactly the term we would have expected 
at the numerator of the n-th order term in the perturbative expansion of the truncated- 
connected scalar antiquark propagator S^^'^^{(j)pj — > (j) , ^\A) in the high-energy limit. From 
Eqs. (g) and (^^) we derive 

[T7^(p)G(*^)(V^,, ^ i^p,^,\A>a{p')U ^ S^p ■ [S^'^\4, - 4'M)U . (3-24) 

for every order n in the perturbative expansion, so proving Eq. (|3.19|) . As for the scalar 
case, going from quarks to antiquarks corresponds just to the change from the fundamental 
representation T^ of SU{Nc) to the complex conjugate representation T^ = —T*. 



4. The scattering of gluons 

By using the same techniques developed in the previous sections, we shall evaluate the 
"truncated-connected gluon propagator" in a given external gluon field A^, in the eikonal 
approximation. We call this quantity ''''Dja a'a(^5 ^'l^)"' whose n-th order perturbative 
term is defined schematically in Fig. lb, where the external legs are supposed to be 
truncated on-shell (fc^, A;'^ -^ 0). More precisely, we shall evaluate the following quantity: 

<A0(^')^l'la'a(fc,^V)<A)(^), (4-1) 
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where £'('x){k) are the polarization four-vectors (A, A' G {1,2}): 

^{A)(^) • £(A')(^) = --^AA' , k ■ £(A)(fc)k.2=0 = . (4.2) 

This quantity should describe (under certain approximations that will be discussed below 
and also in the next section) the scattering matrix element of a gluon in a given external 
gluon field A'^: 

g{k,a,X)^g{k',a',X') ; (4.3) 

a, a' G {1, ... , A''^ — 1} are colour indices and A, A' G {1,2} are spin indices. In the eikonal 
approximation the dominant interaction between the incident gluon and the external gluon 
field is represented by the three-gluon vertex, which is linear in the four-momentum of 
the gluon (while the four-gluon vertex is not dependent on the momentum) . Its Feynman 
rule is given by: 

y;!Z!iki,k„ks) = 

= gn"'"' [9^n^^2 (-^i + ^2)^.3 + 9^.,^., (-^2 - ks)^,, + (7^3^, (k^ + ki)^,] , (4.4) 

where the four-momenta fci and k2 are taken to be flowing into the vertex, while the 
four-momentum k^ is taken to be flowing out from the vertex. The explicit expression of 
the n-th order perturbative term of the quantity (|4.1| ), which is schematically defined in 
Fig. lb, is given by: 

4^k')D^^^l^,^ik,k'\A)e>l,^{k)]^^^c^ 

" / 1^ • • • / 1^ (2vr)^5(^)(g - gi - . . . - g„) Nif^liq,^ . . . , g„) 

(4.5) 



{k + qi + . . . + g„,_i)2 + i6" ' {k + gi)^ + ie 
where q = k' — k is the transferred momentum and Ny^'^^Li'iii ■ ■ ■ i1n) is given by: 

j^(gluon) / n \ — 

^^A'A, a'aWl'- ■ ■ ^ In) = 

{k)V;ti;i{k. gi, k + qi)All{q{)gP^P^5,,,,V^^f,i;i{k + gi, ga, fc + gi + ga) x . 



e 



• • • X K::~Jt:i'ik + gi + . . . + g„-i, g„, k')Al:{q^)e'(:,^{k') . (4.6) 

It is not difficult to verify that, in the eikonal approximation, using the properties ( [4.2| ) 
for the polarization four-vectors, the quantity ( [4.6[ ) simplifies as follows: 

Ni^tZliQi. ■■■,qn)^ 5a'a ■ {Hg2k'^"A,Aqn)] . . . Hg2k^^A,,{qr)]}a'a , (4.7) 
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where we have used the notation: 

A, = 4T(%.) , (4.8) 

T^adj) being the N"^ — 1 matrices of the SU{Nc) Lie algebra in the adjoint representation: 

fe)),. = -/"'^- (4-9) 

The expression ([4 .51), with the result (^?7|), is perfectly analogous to the corresponding 
expression appearing in Eq. (|2.14|) for the case of the scalar quark. By proceeding exactly 



as in Sect. 2, we can thus further approximate the above-written Eq. ( [4.5|) as follows: 
- 6x'x ■ 2Ej[d%] e^"^ j dri...j dr^ 0(r„ - r„_i) . . . ^(rs - n) 

x{[-igk>'-A^„ib+kTn)]...[-tgk^''A^,ib + kn)]}a'a • (4.10) 

Therefore, summing all orders [n > 1), we finally obtain: 

~ 6yx ■ 2Ej[d%] e''''[Vk{b) - lU , (4.11) 

where Vk{b) is the Wilson string along the path x(r) = b + kr {r G [—00, +C)o]), in the 
adjoint representation, defined as: 

Vk{b) = Texp (-ig f °°^^(6 + A;r)Prfr') = 

CO „ „ 

= Y, J dn... I dTn 6{Tn - r„_i) . . . e{T2 - Ti) 
n=0 

X [-igk'^-A^.^ib + pTn)] . . . l-igk'^'A^.ib + kn)] . (4.12) 

Eq. (|4.11|) gives the expression for the scattering matrix element of a gluon in a given 
external gluon field, in the eikonal approximation. 
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5. Parton— parton scattering amplitudes 

In the previous sections, we have derived expressions for the truncated-connected quark 
(antiquark) propagator in a given external gluon field A'^, by a direct resummation of 
perturbation theory in the limit of very high energy and small transferred momentum. 
The procedure has been also extended to include the case in which the scattering parton 
is a gluon: additional approximations are necessary and they will be discussed below. 

The truncated-connected propagators in an external gluon field are the basic ingredi- 
ents to derive high-energy parton-parton scattering amplitudes, using the LSZ reduction 
formulae and a functional integral approach. This was done in Ref. and it will be 
quickly reviewed here for the convenience of the reader. Let us consider, for example, the 
elastic scattering process of two scalar quarks with initial four-momenta pi and p2 and 
final four-momenta p'l and pj: 

0i(Pl) + MP2) -^ <Pi{p'l) + 0fc(P2) • (5-1) 

[z, j, fc, / G {1, . . . , Nc} are colour indices.] In the center-of-mass reference system (c.m.s.), 
taking the initial trajectories of the two quarks along the x^-axis, the four-momenta pi, 
P2, p'l and p'2 are given, in the limit of "soft" high-energy scattering, s = {pi +^2)^ -^ 00 
and t = {pi — p[Y <^ s, by: 

pi ~ p[ ^ {E, E, Ot) , P2 ^ P2 - (E, -E, Ot) . (5.2) 

Using the LSZ reduction formulae and a functional integral approach, one finds the follow- 
ing expression for the scattering matrix element [with the plane wave functions normalized 

as: 0p(x) = exp{—ipx)]: 

{Mp'i)MP2)\is-iM{pi)MP2))^ 

~ ^{(^g^^(pi,p;i^)^if (P2,p;,iA))^ + (5if bi,p^iA)sf)(P2,p'iiA))^} , (5.3) 



^w 



where Zw is the residue at the pole (i.e., for p"^ -^ iv?) of the unrenormalized quark 
propagator [see Eq. (|2.3|)]. The expectation value {P{A))a of an arbitrary functional 



0{A) of the gluon field A^^ is defined as: 



{0{A))a = -^ f[dA] 0(A) exp \-j fd'x FrFa,, 



-'QCD 



{det[D''D^ + m']}-' , (5.4) 
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where Zqcd is the partition function for scalar QCD: 

Zqcd = f[dA] [d(P] [#t] exp U [ d^x L{^, 0^ A) 



[dA] exp 



Ct X r ^ r d^y 



{det[D^D^ + m']} 



2n -1 



(5.5) 



The determinant in Eqs. (|5.4|) and ( ^.5|) conies from the integration over the scalar degrees 
of freedom. In fact, the Lagrangian L(0, (f)\ A) is bilinear in the scalar fields and 0^: 



d^x 



{D^cP^D^^ - mVV 



d^x (p^ Id^D^ + m^ 



(5.6) 



Therefore, the functional integral over the scalar fields and 0^ is an ordinary Gaussian 
integral and can be performed in the standard way, to give (apart from an irrelevant 
constant) {det[D^'D^ + m^]}~^. 

The first expectation value in Eq. ( ^.3|) corresponds to the t-channel scattering of 
the two particles, with squared transferred momentum equal to: (pi — p[Y = t <^ s. 
The second expectation value corresponds instead to the -u-channel scattering of the two 
quarks. In other words, the squared transferred momentum, flowing from one quark to 
the other, is equal to: 

{Pi ~- P2Y = u = Aw? — s — t c^ —s , (5.7) 

in the limit s ^ 00 with t, m? <^ s. In this high-energy limit the contribution coming 
from the second expectation value in Eq. ( |5.3|) is smaller by at least a factor of s, when 
compared with the first expectation value, and hence is negligible. [One can be easily 
convinced of this by considering the Feynman diagrams of the process in the perturbation 
theory: the diagrams which correspond to the second piece in Eq. (|5.3|) have intermediate 
gluons carrying a big squared transferred momentum u ^ — s, so that their propagators 
suppress the corresponding amplitude.] Therefore, in our limit: 



{Up'l)<Pk{p'2)\{S -l)\<P,{pi)UP2)) 



1 



72 



(C'(pi,p'ii^)^r(P2,p'2iA)) 



(tc). 



(5.8) 



where for the truncated-connected propagator S^*^\p^p'\A) we can use the expression 
(|2.24|) derived in Sect. 2 in the eikonal limit. Also the quantity Zw can be evaluated in 
the same approximation: the result and the details of the calculations are reported in the 
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Appendix. If one defines the diffusion amplitude T/j =< f\T\i > by 

{Hp'i)MP2)\is-i)\Upi)MP2)) = 

= l{2T,Y5^'\Pfin - Pin) mP'l)<Pk{p'2)\TmPl)UP2)) 



(5.9) 



where Pin = Pi + P2 is the initial total four-momentum and Pfm = p'l + P2 is the final 
total four-momentum, the following results is obtained at the end ||^: 

{<P^ip'l)MP2mUPl)MP2)) ^ 



72 



2s / (fz± e 



iq±-z±_ 



{[Wp,{zt) - lUWpM - i]ki)A 



(5.10) 



where q = Pi — p'l — (0,0,gj_), with t = q^ = —qj_, is the transferred four-momentum, 
and Zt = (0, 0, z±) is the distance between the two trajectories in the transverse plane. 

One can proceed exactly in the same way when considering the elastic scattering 
process of two "real" (i.e., spin-1/2) quarks with initial four-momenta pi, p2 and final 
four-momenta p'l, p'2, in the limit of "soft" high-energy scattering: 



i^jfsiPl) + i'ls{P2) -^ Aa{p'l) + ^^7(^2) • 



(5.11) 



The following expression for the scattering matrix element is derived using the LSZ reduc- 
tion formulae and a functional integral approach [with the plane wave functions normalized 

as: ijjpi^x) = u{p) exp{—ipx) , with Ua{p)Ufi{p) = 2m6ai3]'- 



{'^ia{p'l)'ipk^{P2)\{S - I)\lpjf3{pi)lpis{p2)) 



,{tc) 



(tc), 



{Ua,{p'i)G\''\pi,p\\A)up{pi) ■ U^{P2)Gl['{p2,P2\A)us{p2)) 



2 \"'Q!V/-17--ij 



(5.12) 



'W 



[i,j, k,l E {1, . . . , Nc} are colour indices, while a, /3, 7, 5 G {1, 2} are spin indices.] 

The expectation value {0(A)) a of an arbitrary functional 0(^4) of the gluon field A^ 
is now defined as: 



(0(A)). 



'QCD 



[dA] 0(A) exp 



4. / a ^afiu 



det[i'y''D^ - m] 



(5.13) 



where Zqqd is the partition function for fermion QCD: 



-'QCD 



[c^A][#][#t]exp 



[dA\ exp 



i d^x L{^,^\A) 



det[i7''L>^ 



Cl X r ^ r (i^y 



ni\ 



(5.14) 
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The determinant in Eqs. (|5.13 ) and ( 5.14| ) conies from the integration over the fermion 
degrees of freedom. 

If one uses the result (|3.18|) for Ua{p')Gij {p, p' \A)ui3{p) , one finally finds the following 
expression for the high-energy quark-quark elastic scattering amplitude in (fermion) QCD 

{^ia {P'l ) ^k^ {P2)\T\ ^JI3 {Pl ) ^IS (P2 ) ) ^ 

^ -^ ■ 5^135^6 ■ 2s fd^z^ e"^^-'^{[Wp,izt) - l^WpM - 1]m)a ■ (5.15) 

The notation is the same as for Eq. ( |5.1Q[) . In a perfectly analogous way, one can also 
derive the high-energy scattering amplitude for an elastic process involving two partons, 
which can be quarks, antiquarks or gluons. One simply has to insert in the matrix element, 
for each of the two partons involved, the corresponding quantity among ( |2.24| ), ( p^.30D , 



(|3.18|) , (|3.19|) and ( [4.11|) , which, as we have said before, describe the scattering amplitude 



of the parton in a given external gluon field. So, for example, the amplitude for the 
quark-gluon scattering 

^j73(Pl) + 9a\{p2) -* i^iaip'l) + 9a'\'{P2) (5-16) 

has the following expression in the high-energy limit ^: 

{^ia{p'l)9a'\'{P2)\T\^j(}{Pl)9ax{p2)) ^ 

(^a(K)GSf (P1,K|A)«,(P1) ■ 4r)(p'2)^21 a'aiP2,p'2\A)e1,^{p2)) 

^ ^ 6^p6yx-2s fd^z^e''^^-'^{[Wp,{zt)-l],^[VpM-'^]a'a)A. (5.17) 

(The renormalization constant Zy is defined and evaluated in the Appendix.) Let us ob- 
serve at this point that, differently from their quark counterparts (which really come from 
the integration over the quark degrees of freedom in the functional integral) , the gluon ma- 
trix element £^\i){k')Dj^l^^ ^,^{k,k'\A)e^^^{k) can only be defined as the proper functional 
of A^ which, when inserted in the functional average {■ ■ ■)a (together with another parton 
matrix element) reproduces the corresponding gluon-parton scattering amplitude in the 



i 



high-energy limit. We have derived the expression ( [4.11|) for the gluon matrix element by 
resumming all diagrams of the type reported in Fig. lb in the eikonal limit. Therefore, 
e.g., Compton-like diagrams (and their perturbative corrections) are not included in Eq. 
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(15.171) : indeed, one can easily convince oneself (see, for example, Ref. @]) that these dia- 



grams (which are present also in the Abelian case) are of order 0{s^) in the high-energy 
limit s -^ oo; while, for example, the 0{g^) diagram described by Eq. ( |5.17| ) (i.e., the one 
obtained taking the first term in the perturbative expansion of the gluon matrix element 
and of the quark matrix element) is of order 0{s). However, the expression ( p.l7| ), by its 
own construction, is not able to reproduce all those diagrams where the scattering gluon 
converts in a quark-antiquark pair during the diffusion process. Without resorting to 
large- A'"c approximations, where these diagrams are of course sub-leading corrections, a 
reason for not including these diagrams in the high-energy scattering amplitude can come 
if we first study "soft" high-energy parton-parton scattering in the "femto universe" , in 
the spirit of Refs. [0, |^ . In other words, we first consider the scattering of the partons 
over the finite time interval —to/2 < t < to/2 (t = being the nominal collision time 
of the hadrons hi + h2 -^ hi + /i2 in the the c.m.s.) of length to ~ 2 fni: to/2 is the 
time when, in an inelastic collision, the first produced hadrons appear. (The estimate 
to ~ 2 fm is discussed in Ref. 0.) As discussed in Refs. [0, |^, one can assume that over 
that time interval: a) parton annihilation and production processes can be neglected (i.e., 
the parton state of the hadrons does not change qualitatively in this time); b) partons 
travel in essence on straight lightlike world lines and they undergo "soft" elastic scatter- 
ing. This was the strategy adopted in Ref. [0 in order to study parton-parton "soft" 
high-energy scattering in QCD. Of course, free quarks and gluons do not exist in (zero- 
temperature) QCD, but, assuming that to ~ 2 fm is nearly infinitely long on the scale 
of the "femto universe" , one can use the standard LSZ reduction formulae to relate the 
partonic 5'-matrix element to an integral over the four-point function of the quark/gluon 
fields. After having solved the problem of parton-parton scattering, one has to fold the 
partonic S-matrix with the hadronic wave functions of the appropriate resolution to get 
the hadronic S'-matrix elements. We want to stress that the result (|5.15|) for quark-quark 



scattering at high energies was derived in Ref. under the crucial assumption that only 
gluon modes up to a fixed frequency contribute in the functional integral {■ ■ ■)a- It was 
argued at length in Ref. that this should be a valid approximation for the scattering 
of partons over the time interval (—to/2, to/2), since, for these scattering processes, the 
relevant scale for the frequency of the exchanged quanta is given by a~^, indipendent of s, 
where a is the correlation length of the (gauge-invariant) two-point function of the gluon 
field-strength tensor. In the hypothetical scattering amplitude for "real" quarks, all the 
splitting processes with long time scales will play an important role and therefore must 
be included. 
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6. Conclusions and outlook 



In this paper we have derived the same results aheady found in Refs. [^, ||, |^ in a different 
and even more immediate way, i.e., by a direct resummation of perturbation theory in the 
hmit of very high energy and small transferred momentum. The approximations used in 
the previous sections in order to derive the eikonal propagators (and, as a consequence, 
the parton-parton scattering amplitudes) in the above-mentioned limit are exactly the 
same adopted in Ref. |Q in order to derive the high-energy asymptotic expressions for 
the elastic parton-parton scattering amplitudes at a given order in perturbation theory, 
using standard Feynman-diagrams techniques. (These approximations essentially consist 
in neglecting the recoil of the scattering partons in the diffusion process.) Therefore, in 
this sense, we can claim that we have given a proof that the nonperturbative expressions 
(|5.10|) , (|5.15|) , etc., for the high-energy elastic scattering amplitude are a resummation of 



the corresponding perturbative results found in Ref. 0]. (In a previous paper |]T3|, we 
gave a direct proof that this is true up to the fourth order in the expansion in the coupling 
constant.) 

We remind the reader that the s dependence of the scattering amplitude is not all 
contained in the kinematical factor 2s in front of the integral in Eqs. ( ^.101) , ( |5.15D , 



etc. . In fact, as was first pointed out by Verlinde and Verlinde in [0, it is a singular 



limit to take the Wilson lines in ( p.lO| ), ( ^.15|) , etc., exactly lightlike. It turns out that a 



proper regularization of these "infrared" singularities (so called because they essentially 
come from the limit m —>■ 0, m being the quark mass) gives rise to a logs dependence 
of the amplitude, as obtained by ordinary perturbation theory ^ ^ and as confirmed by 
the experiments on hadron-hadron scattering processes. In practice, the regularization 
procedure consists in letting each Wilson line have a small timelike component (so that 
they coincide with the classical trajectories for quarks with a finite mass m) and letting 
them end after some finite proper time ±T, i.e., after some time |t| ~ T^jlm in the 
c.m.s. (so that, when one takes the limit s — > cxd, the trajectories of the Wilson lines 
will again become infinitely long and lightlike). We refer the reader to Refs. [^ and 



13| , |T4|, |l5l for a detailed discussion about this point. 

We want also to stress that the expressions (^.10|) , ( ^.15|) , etc., for the scattering am- 
plitudes are not limited by our approximations to be ^'quenched": indeed, in the functional 
average (. . .)a also the determinant of the quark matrix is included and it gives rise to 
Feynman diagrams with dynamical quark loops in the perturbative expansion. So, for 
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example, the so-called "tower diagrams" for quark-quark elastic scattering, which give 
amplitudes as large as s(logs)", where n is the number of quark loops joined together 
vertically, with each loop having four vertices (see, e.g., Ref. [^ and references therein), 
are expected to be reproduced in the perturbative expansion of Eqs. ( p. 101 ), ( |5.15| ), etc., 
provided you integrate from t = — cxo to t = +00, i.e., you take infinitely long Wilson 
lines, since the time associated with the hard fluctuations in these eikonal processes is 
very large. [If we truncate the Wilson lines from t = — tg to t = +to (in the c.m.s. of the 
reaction), with to fixed as s — > 00, we can loose in our description all those processes in 
which there is production of hard partons, whose fluctuation time is larger than to (in the 
asymptotic limit s -^ 00). These processes must then be included in the wave functions 
of the fermions at t = ±to-] 

As we have said before, free asymptotic states of quarks and gluons do not exist in 
(zero-temperature) QCD. Therefore, in this case, the correct procedure should be the one 
suggested in Refs. [^, |], where Eqs. (|5.1CI| ), (|5.15|) , etc., are considered to be the partonic 
S'-matrix elements in the "femto universe" (with a fixed frequency cutoff for the gluon 
modes in the functional average): they must be folded with the hadronic wave functions 
of the appropriate resolution to get the hadronic S-matrix elements. 

Viceversa, in QED one can have the free-electron states as IN and OUT asymptotic 
states: there is no complication due to confinement and a free-electron state is a well- 
defined asymptotic state of the theory. Therefore, the eikonal formula (|5.15|) in QED, 
with infinitely long Wilson lines, can be really considered as the asymptotic expression for 
the fermion-fermion elastic scattering amplitude in the high-energy limit and it should 
reproduce all perturbative results evaluated by Cheng and Wu in Ref. @]. We want 
to stress that the eikonal formula ( ^.15 ) is not identical to what, in the literature, is 



usually called the "eikonal amplitude" of the high-energy scattering in QED (see Refs. 
||16| , p^ |T8|): this last was obtained in the so-called "quenched" approximation, where 
vacuum polarization effects, arising from the presence of dynamical fermion loops, are 
neglected. It was proved in Ref. (see also Refs. |^, ^) that, when evaluating Eq. 
( |5.15| ) in the quenched approximation, one correctly reproduces the eikonal result of Refs. 
16| , p!7| , [1^. However, as we have said before, the amplitude (|5.15| ) is not limited, in 



general, to be quenched and so it is expected to be more correct and to contain more 



information than the eikonal result of Refs. [p!6l UJi 18 



Once we have found the nonperturbative expressions ( 5.10|) , ( ^.15 ), etc., for the high- 



energy scattering amplitudes, the natural question which arises is: How can we evaluate 
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them directly? The answer to this question is highly nontrivial and it is also strictly 
connected with the renormalization properties of Wilson-line operators [pO| , pT| . Some 



nonperturbative approaches for the calculation of ( p.l5| ) were proposed in Refs. [^ and 



In particular, in Refs. ^, ^ a nonperturbative numerical estimate of high-energy 
hadron-hadron scattering amplitudes was obtained, using Eq. ( |5.15| ) as a basic ingredient, 
in the framework of the so-called "stochastic vacuum model" . For an alternative approach 
to the problem, we refer the reader to Refs. [|13|, |1^, |T5|, where interesting analytic 



properties of the high-energy scattering amplitude were derived, going from Minkowskian 
to Euclidean space-time, so opening the possibility of studying the high-energy scattering 
amplitude using the Euclidean formulation of the theory, e.g., on the lattice. (See also 
Ref. |^3[, where a similar analytic continuation from Minkowskian to Euclidean theory 
was proposed to study the small-XBj behaviour of the structure functions of deep inelastic 
lepton-nucleon scattering.) The analytic continuation proposed in Refs. |1^, |1^, |T^ has 
been recently adopted in Ref. [Q, in order to study the high-energy scattering in A/" = 4 
supersymmetric SU{Nc) gauge theories (in the strong coupling, large- A^c limit) using the 



AdS/CFT correspondence, and also in Ref. ||2^, in order to investigate instanton-induced 



effects in QCD high-energy scattering. In our opinion, a considerable progress could be 
achieved by a direct investigation of these problems on the lattice in the near future. 
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Appendix: The residue at the pole of the unrenormahzed 
eikonal propagators 

A.l The scalar propagator 

Let us consider now the unrenormalized full scalar propagator (not truncated!) in the 
vicinity of the pole (i.e., for p^ — > rn?). We start from the scalar propagator Sij{x,y\A) 
in an external gluon field A^ and then we take the functional average over the gluon field 
in order to get the full propagator (p^): 



{Si,{x, y\A))A = {T[Ux)<P]{y)]) = S,,{x - y) . (A.l) 

Therefore, using the definition (|2.9| ), we find: 

{S,,ip,p'\A))A = {27ry5^'\p' - p) ~S,,{p) , (A.2) 

where Sij{p) is the unrenormalized propagator in the momentum space, defined by Eq. 
( |2.4| ). We shall evaluate the quantity ( |A.2| ) starting from the perturbative expansion of 



Slj{p,p'\A) in the eikonal approximation, that we have computed in Sect. 2. At the 
0-th order we find the following expression for {Sij{p,p'\A))A'- 

m,iP,p'\A))AU = {2nr5^'Hp' - P) p2_^2 + ,, ■ (A-3) 

At the n-th order (n > 1) we find, using the corresponding expression for [Slj {p,p'\A)](^n) 
that we have derived in Sect. 2 [see Eq. ( |2.20| )]: 

[{s.,{p,p'\a))aU^ 

i 



,2 _ 2 , -•- / dX± I dhn- I db^+ ... I dh+ d'i'- 



X (2E)"'1 ^^^"+ ~ ^(n-l)+) • • • ^(^2+ - &1+) 

x{{[-igp>'-A,SK)] . . . [-igp^^A,,{W)]},,)A\,^_^,^_ , g^^=g„^ 

x^ W-' (A-4) 

pZ _ ,^Z _|_ ^^ 
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where q = p' — p. By virtue of the invariance under the Poincare group (in particular, 
under space-time translations): 

(A^„ (6„) v4^„_, (6„-i) ...A^, [hi]) A = {A^,, {0)A^„_, (6„_i - 6„) . . . A^, {h - hn))A • (A.5) 

Therefore, making the change of variables 



Cj = 6j - 6„, Vi = 1, . . . , n - 1 ; c„ = 6„ , 
the integration over c„ gives 2{2'KY5^'^\q) and we can write Eq. (|A.4| ) as follows: 

[CS.,{p,p'\A))A\n)^ 



(A.6) 



2(27r)^5(^)(?) 



piz _ ^^ _|_ ^^ 



/ C/C(„_i)+ . . . / rfCi- 



X- 



(2E)' 



-6'(-C(„_i)+)6'(c(„_i)+ - C(„_2)+) • • • ^(C2+ - Ci+) 



xdHOT'^-A^jO)] -^ot'^"-M^„_,(c„_i) ...Hot'^iA^,(ci)]},,)a 



lci_=0 ; Ci I =0| 



pi — rn^ + ie 



(A.7) 



In the vicinity of the pole, i.e., for p^ —^ m?, one has that: p'"^ — m? ~ 2pq + q^. Moreover, 
in the eikonal limit, p+ ~ 2E, p_ ~ and pi ^ 0^, so that: 



p 



i i 1 ^ ^ 1 TT ^, 

''2 -m'^ + ie 2E q_ + is 2E g_ 2E ^^' 



(A.8) 



where "P" stands for "principal-part value". While 5^^'{q)V{l/q-) = 0, we can write, 
formally: 



7T- 1 /'+00 T /'+00 



(A.9) 



(The origin of this infrared singularity is discussed in Sect. 6 and can be "cured" by a 
proper regularization of the Wilson hues, as suggested in Refs. |jl9|] and [0, |l^, pTSf].) 
Substituting in Eq. ( |A.7|) and changing again the integration variables from q to hi = 
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Ci + Cn, Vz = 1, . . . , n — 1 and 6„ = c„, we obtain: 

[{S,,{p,p'\A))aU^ 

=. (2vr)^5W(g) '-^—- fdb„,^ . . . fdh^ 

p'^ — m^ + le J J 

X 7^^^(^^+ - kn-i)+) ■ ■ ■ (^ip2+ - 61+) 

x({[-zOT^"A,,„(6„)] . . . [-^OT^M,J6i)]},,)^|,^_,_ . g^^^g^^ . (A.IO) 

(We have again made use of the invariance under space-time translations in {. . .)a-) 
We can parametrize the coordinates hi {i = l,...,n) as in Sect. 2, i.e., in the form 
hi = h + pTi (i = 1, . . . , n), with a fixed h. In fact, using p+ ~ 2E, p_ ~ and p± ~ 0_l, 
one has that 6j_ =0, 6j_l = 0_l and dhij^ = 2EdTi. Eq. ( A.10| ) becomes: 

~ (27r)V^)(g) ,_ ' f dn... f dr^ ^(r„ - r„_i) . . .^(r^ - r,) 

Lr lit I 60 t/ t/ 

x({HOT'^M^„(6 + pr„)]...HOT'^^A^,(6 + pri)]},,)A. (A.ll) 

In conclusion, summing all perturbative orders [Eqs. ( |A.3|) and (|A.11|) ], we find the 
following expression for {Sij{p,p'\A))A'- 



{S,,{p,p'\A))a^ 



I 



^(2vr)V^)(g) ^^_^^^^^ .([iy,(6)y^ 

= (2vr)V^)(g) '-^-- ■ ^-^mW,{h)])A , (A.12) 

where Wp{b) has been defined in Eq. ( |2.25| ). (In the last passage we have used the fact 
that the vacuum is gauge-invariant.) By virtue of Eq. ( |A.2| ), we derive the following 
expression for Sij{p) in the vicinity of the pole: 

~S^M ,^ , W- ■ #(Tr[W^p(&)])A . (A.13) 

Moreover, from the definition of the "physical" mass m and of the residue Z^r at the pole 
for p^ — > m^ of the unrenormalized quark propagator, we must have [see Eq. ( p.3| )]: 

S,{P) ,-^, /^^/l. • (A.14) 
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From the comparison of Eqs. (|A.13 ) and ( |A.14| ), we derive the following expression for 
the residue Z-\^ at the pole: 

Zw = ^jTT[W,{b)])A = ^(Tr[W-,(0)])^ , (A.15) 

where we have again made use of the invariance under space-time translations. 

A. 2 The fermion propagator 

Let us consider now the unrenormalized full fermion propagator (not truncated!) in the 
vicinity of the pole (i.e., for p'^ -^ m^). We start from the fermion propagator Gij{x, y\A) 
in an external gluon field A^^ and then we take the functional average over the gluon field 
in order to get the full propagator ( pl2|) : 

{G,,ix,y\A))A = {T[i;,{x)^^{y)]) = G,,{x - y) . (A.16) 

Going to the momentum representation [see Eq. ( |2.9| )], we obtain: 

{G.,ip,p'\A))A = {27rrS^'\p' - p) a-M , (A-17) 

where Gij{p) is the unrenormalized propagator in the momentum space, defined by Eq. 
(|3.4| ). More precisely, we shall evaluate the following quantity: 

Ua{p'){G^AP,P'mAUp{p) = {27r)'6^'\p' - p) Mp)GMMp) , (A.18) 

starting from the perturbative expansion of G\j{p,p'\A) in the eikonal approximation, 
that we have computed in Sect. 3. At the 0-th order we find the following expression for 
the quantity (|A.18| ): 

[Ua{p'){Gij{p,p'\A))AUf3{p)](^0) = 

= i2nr5^'\p' - p) u^{p')-^ '-—-uM 

p — m + te 

= (27r)^(5(^)(p' -p) Am'S^p- '-^—- . (A.19) 

p^ — m'^ + le 
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At the n-th. order {n > 1) we find, using the corresponding expression for [Gij{p,p'\A)](^n) 
that we have derived in Sect. 3 [see Eq. (|3.12|) ]: 

[Ua{p'){Gij{p,p'\A))AUp{p)]^n) = 

■? 'i 

(A.20) 



p/2 _ ^2 ^ ^^ 7 (27r)4 '"J (27r)4 
i 



{p + Qi + ■ ■ ■ + Qn-iy — 'm? + ie {p + gi)^ — m'^ + ie p^ — m? + is 

{ferm 
af3, ij 



where q = p' - p and Q^a^'Ti (Qi^ ■ ■ ■ ^ Qn) is given by: 



^a!3, ij KQl', ■ ■ ■ ■, Qn) = 

= {uc.{p'){p' + m){[-i^7'^"i^„(g„) + z<5m(27r)^<5(4)(g„) ■ l](p + gi + . . . + g„_i + m) 

. . . (p + gi + m)[-ig-i>'' A^,{q{) + z<5m(27r)^<5(^)(gi) ■ l]}i,-(p + m)up{p))A 

= 4mMA/ig^.7^(gi,...,gn))A, (A.21) 



where N J^^Tj {^i, . . . , gn) has been defined in Eq. ( p.l3| ). By using the result (|3.16|) , we 
find that the expression ( [A.20| ) simphfies as follows: 

^a{p'){Gij{p,p'\A))AUp{p)\n) ^ ^m^^ap ■ [{[Sij{p,p'\A))A]{n) 

~ AmH^p ■ (27r)V^)(g) ^— — j dr, . . . f dr^ 0(r„ - r„_i) . . .^(ts - n) 

x({[-^(7P^"V(6 + prO] . . . [-igp^^^A,,{b + pn)]h,)A . (A.22) 



In conclusion, summing all perturbative orders [Eqs. ( |A.19[) and (|A.22|) ], we obtain the 



following expression for the quantity ([A.18| ), evaluated in the vicinity of the pole: 



Uaip'){Gij{p,p\A))AUf3{p) ~ Am^6afi ■ {Sij{p,p'\A))A 

^ Am'6^, ■ (27r)^5(^)(g) '-^—- ■ ^(Tr[iy,(6)])^ , (A.23) 

where Wp{b) has been defined in Eq. ( p.25| ). (In the last passage we have used the fact 
that the vacuum is gauge-invariant.) By virtue of Eq. ( [A. 181 ), we derive the following 



expression for Ua{p)Gij{p)up{j)) in the vicinity of the pole: 

MP)G^MMP) ,^ ,^rnH^p ■ '-^—- ■ ^{TT[W,{b)])A . (A.24) 
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Moreover, from the definition of the "physical" mass m and of the residue Zw at the pole 



for p"^ -^ m? of the unrenormalized quark propagator, we must have [see Eq. ( p.3|) ]: 



G.,(p) ^ _^^Zw^^^^ZwMP±^^ (A.25) 

p2_>m2 p — m + ie p^ — m^ + ie 

and, therefore: 

Ua{p)G.MMp) ,^ ,^rn'5^P ■ /^'^/l- ■ (A.26) 

From the comparison of Eqs. ( [A.24| ) and ( |A.26| ), we derive the following expression for 
the residue Zw at the pole: 

Zw = j^mWAmA = ^(Tr[W-,(0)])^ , (A.27) 

where we have made use of the invariance under space-time translations. This expression 
is formally identical to the one we have obtained for the scalar case: however, we must 
remember that now {■ ■ ■)a has to be intended as the functional average over the gluon 
field in the theory with fermions. The same result ( [A.27| ) was also derived in Ref. 0] 
using a different method. 

A. 3 The gluon propagator 

Let us consider, finally, the unrenormalized full gluon propagator (not truncated!) in the 
vicinity of the pole (i.e., for k^ — > 0). We start from the "gluon propagator" D|J,^(a;, yjA) 
in an external gluon field A^ and then we take the functional average over the gluon field 
y4^ in order to get the full propagator: 

{Di'';ix,y\A))A = (T[<,(x)A^(y)]) = <,",(x - y) . (A.28) 

Going to the momentum representation [see Eq. (|2.9|) ], we obtain: 

{Di.;{k, k'\A))A = {2^Y6^'\k' - k) bi,l{k) , (A.29) 

where D°j^i°^{k) is the full propagator in the momentum space: 

D%{k)^ jdhe^'^^D^.l^z). (A.30) 
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More precisely, we shall evaluate the following quantity: 



^fAo(fc')(^^';:(fc, k'\A))Ael){k) = i27rrs('\k' - k) ef:r^{k)b%{k)el^{k) , (A.31) 



starting from the perturbative expansion of Dn!^! a'ai^^ ^'1^) i^ ^^^ eikonal approximation, 
that we have computed in Sect. 4. At the 0-th order we find the following expression for 
the quantity (|A.31| ): 



e1y){k'){Di,;{k,k'\A))Ael){k)] = {2^Y8^'\k' - k) 6,,,6,a 



(0) 



'k"^ + ie 



(A.32) 



At the n-th order {n > 1) we find, using the corresponding expression for the "truncated- 
connected propagator" [D^,^(/c, A;'|74)](„) that we have derived in Sect. 4 [see Eqs. 



e'ly)ik'){DX{k,k'\A))^e>l,^{k) 



6\n 



(n) 



(27r)4(5(^)( 



Q-Qi 



^'^k'^ + ieJ {2txY"'J (27r)4 



Qn) 



{k + qi + . . . + g„_i)2 + ie" ' {k + gi)^ + ie F + ie 



(A.33) 



where q = k' — k is the transferred momentum. This expression is perfectly analogous to 
the corresponding expression obtained in Sect. A.l for the scalar case. We can proceed 
as in that case to simplify Eq. ( |A.33| ) as follows: 



_Ai'* n'\/ rta'a 



e1y){k'){D;,l{kM\A))Ae'^,){k) 
^(2vr)V^)(g)5v, 



(n) 



I dTi... I dTn 0{t„, - r„_i) . . . d{T2 - Ti] 



k"^ + ie 

X {{[-igk^'-A^^ib + kTn)] . . . [-igk^'A^,{b + kTi)]}a'a)A 



(A.34) 



In conclusion, summing all perturbative orders [Eqs. ( [A.32| ) and ( |A.34| )], we find the 



following expression for the quantity (|A.31|) , evaluated in the vicinity of the pole: 



v)(fc')(^^>(fc,fcV))A<,)(A:) ^ (27r)^5(^)(g) 5y, 



Sn'n 



-(A') 



k^ + te m-1 



(Tr[Vfc(6)])A , (A.35) 



32 



where Vk{b) has been defined in Eq. (|4.12|) and we have made use of the gauge-invariance 
of the vacuum (i.e., of the functional average (. . .)a)- By virtue of Eq. ([A.31|) , we derive 
the following expression for e^^iAk)D%'l^{k)e^^Ak) in the vicinity of the pole: 



iy){k)D%{k)el^{k) ^ 5,., 



^a'a 



fc2^o ^^ k'^ + ie m-i 



(Tr[V,(6)]) 



A ■ 



(A.36) 



Moreover, from the definition of the residue Zy at the pole for A;^ — > of the unrenormal- 
ized full gluon propagator, we must have that: 



D±{k) 



-iZ^ g^i^5a'a 



fc2^o A;2 + 



le 



(A.37) 



and, therefore: 



emk)Dl,l{k)el^{k) ^^^h'x5,'a 



iZ\ 



From the comparison of Eqs. (|A.36|) and ( |A.38| ), we derive the following expression for 
the residue Zy at the pole: 



1 



N^-l 



(Tr[V.(6)])A 



1 



iV2-l 



(Tr[V.(0)]). 



(A.39) 



where we have made use of the invariance under space-time translations. 
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FIGURE CAPTIONS 



Fig. 1. a) The Feynman diagram corresponding to tlie n-th order term {n > 1) in the 
perturbative expansion of the truncated-connected quark propagator in an external 
gluon field A^, in the eikonal approximation. [See Eq. ( p.l4| ) for the scalar case and 
Eqs. ( p. 12 ) and ( |3.1(j| ) for the fermion case.] b) The Feynman diagram which defines 



the n-th order perturbative term {n > 1) of the gluon matrix element ( [4.1[ ). Crosses 
represent insertions of the external gluon field A'^. The four-momenta qi, . . . ,qn are 
taken to be fiowing into the diagram. 
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